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Abstrat
Finite Unied Theories (FUTs) are N = 1 supersymmetri Grand Unied Theories
(GUTs) whih an be made nite to all-loop orders, leading to a drasti redution
in the number of free parameters. By onfronting the preditions of SU(5) FUTs
with the top and bottom quark masses we are able to disriminate among dierent
models. Inluding further low-energy phenomenology onstraints, suh as B physis
observables, the bound on the SM Higgs mass and the old dark matter density, we
derive preditions for the lightest Higgs boson mass and the spartile spetrum.
1 Introdution
Finite Unied Theories (FUTs) are N = 1 supersymmetri Grand Unied Theories (GUTs)
whih an be made nite to all-loop orders, inluding the soft supersymmetry breaking
setor. FUTs have always attrated interest for their intriguing mathematial properties
and their preditive power. To onstrut GUTs with redued independent parameters [1,2℄
one has to searh for renormalization group invariant (RGI) relations holding below the
Plank sale, whih in turn are preserved down to the GUT sale. This programme, alled
GaugeYukawa uniation sheme, applied in the dimensionless ouplings of supersym-
metri GUTs, suh as gauge and Yukawa ouplings, had already notieable suesses by
prediting orretly, among others, the top quark mass in the nite SU(5) GUTs [3,4℄. An
impressive aspet of the RGI relations is that one an guarantee their validity to all-orders
in perturbation theory by studying the uniqueness of the resulting relations at one-loop, as
was proven in the early days of the programme of redution of ouplings [2℄. Even more re-
markable is the fat that it is possible to nd RGI relations among ouplings that guarantee
niteness to all-orders in perturbation theory [5, 6℄.
The searh for RGI relations and niteness has been extended to the soft supersymme-
try breaking setor (SSB) of these theories [711℄ whih involves parameters of dimension
one and two. An interesting observation at the time was that in N = 1 GaugeYukawa
unied theories there exists a RGI sum rule for the soft salar masses at lower orders; at
one-loop for the non-nite ase [9℄ and at two-loops for the nite ase [4℄. The sum rule,
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although introduing more parameters in the theory, manages to overome the problems
that the universality ondition for the soft salar masses in FUTs had: that the lightest
supersymmetri partile is harged, namely, the stau τ˜ (although this is not neessarily a
problem, as we will see), that it is diult to omply with the attrative radiative ele-
troweak symmetry breaking, and, worst of all, that the universal soft salar masses an lead
to harge and/or olour breaking minima deeper than the standard vauum. Moreover, it
was proven [10℄ that the sum rule for the soft salar massses is RGI to all-orders for both
the general as well as for the nite ase. Finally the exat β-funtion for the soft salar
masses in the Novikov-Shifman-Vainstein-Zakharov (NSVZ) sheme [12℄ for the softly bro-
ken supersymmetri QCD has been obtained [10℄. Eventually, the full theories an be made
all-loop nite and, with use of the sum rule, their preditive power is extended to the Higgs
setor and the SUSY spetrum. Thus, we are now in a position to study the spetrum of the
full nite SU(5) models in terms of few free parameters with emphasis on the preditions
for the masses of the lightest Higgs and LSP and on the onstraints imposed by low-energy
phenomenology observables.
2 FINITE UNIFIED THEORIES
Finiteness an be understood by onsidering a hiral, anomaly free, N = 1 globally su-
persymmetri gauge theory based on a group G with gauge oupling onstant g. The
superpotential of the theory is given by
W =
1
2
mij ΦiΦj +
1
6
C ijk ΦiΦj Φk , (1)
where mij (the mass terms) and C ijk (the Yukawa ouplings) are gauge invariant tensors
and the matter eld Φi transforms aording to the irreduible representation Ri of the
gauge group G. All the one-loop β-funtions of the theory vanish if the β-funtion of the
gauge oupling β
(1)
g , and the anomalous dimensions of the Yukawa ouplings γ
j(1)
i , vanish,
i.e. ∑
i
ℓ(Ri) = 3C2(G) ,
1
2
CipqC
jpq = 2δji g
2C2(Ri) , (2)
where ℓ(Ri) is the Dynkin index of Ri, and C2(G) is the quadrati Casimir invariant of the
adjoint representation of G.
The onditions for niteness for N = 1 eld theories with SU(N) gauge symmetry are
disussed in [13℄, and the analysis of the anomaly-freedom and no-harge renormalization
requirements for these theories an be found in [14℄. A very interesting result is that the
onditions (2) are neessary and suient for niteness at the two-loop level [15℄.
A powerful theorem [5℄ guarantees the vanishing of the β-funtions to all-orders in
perturbation theory. This requires that, in addition to the one-loop niteness onditions
(2), the Yukawa ouplings are redued in favour of the gauge oupling. Alternatively,
similar results an be obtained [6, 16℄ using an analysis of the all-loop NSVZ gauge beta-
funtion [12℄.
In the soft breaking setor, it was found that RGI SSB salar masses in Gauge-Yukawa
unied models satisfy a universal sum rule at one-loop [9℄. This result was generalized to
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two-loops for nite theories [4℄, and then to all-loops for general Gauge-Yukawa and nite
unied theories [10℄. Then the following soft salar-mass sum rule is found [4℄
( m2i +m
2
j +m
2
k )
MM †
= 1 +
g2
16π2
∆(2) +O(g4) (3)
for i, j, k with ρijk(0) 6= 0, where ∆
(2)
is the two-loop orretion
∆(2) = −2
∑
l
[(m2l /MM
†)− (1/3)] ℓ(Rl), (4)
∆(2) vanishes for the universal hoie, i.e. when all the soft salar masses are the same at
the uniation point.
A realisti two-loop nite SU(5) model was presented in [17℄, and shortly afterwards
the onditions for niteness in the soft susy breaking setor at one-loop [18℄ were given.
Sine these nite models have usually an extended Higgs setor, in order to make them
viable a rotation of the Higgs setor was proposed [19℄. The rst all-loop nite theory was
studied in [3℄, without taking into aount the soft breaking terms. Naturally, the onept
of niteness was extended to the soft breaking setor, where also one-loop niteness implies
two-loop niteness [7℄, and then niteness to all-loops in the soft setor of realisti models
was studied [20, 21℄, although the universality of the soft breaking terms lead to a harged
LSP. This fat was also notied in [22℄, where the inlusion of an extra parameter in the
Higgs setor was introdued to alleviate it. With the derivation of the sum-rule in the
soft supersymmetry breaking setor and the proof that it an be made all-loop nite the
onstrution of all-loop phenomenologially viable nite models was made possible [4, 10℄.
Here we will examine suh all-loop Finite Unied theories with SU(5) gauge group,
where the redution of ouplings has been applied to the third generation of quarks and
leptons. An extension to three families, and the generation of quark mixing angles and
masses in Finite Unied Theories has been addressed in [23℄, where several examples are
given. These extensions are not onsidered here. Realisti Finite Unied Theories based on
produt gauge groups, where the niteness implies three generations of matter, have also
been studied [24℄.
The partile ontent of the models we will study onsists of the following supermultiplets:
three (5+ 10), needed for eah of the three generations of quarks and leptons, four (5+ 5)
and one 24 onsidered as Higgs supermultiplets. When the gauge group of the nite GUT
is broken the theory is no longer nite, and we will assume that we are left with the MSSM.
Thus, a preditive Gauge-Yukawa unied SU(5) model whih is nite to all orders, in
addition to the requirements mentioned already, should also have the following properties:
1. One-loop anomalous dimensions are diagonal, i.e., γ
(1) j
i ∝ δ
j
i .
2. Three fermion generations, in the irreduible representations 5i, 10i (i = 1, 2, 3),
whih obviously should not ouple to the adjoint 24.
3. The two Higgs doublets of the MSSM should mostly be made out of a pair of Higgs
quintet and anti-quintet, whih ouple to the third generation.
In the following we disuss two versions of the all-order nite model. The model of
ref. [3℄, whih will be labeled A, and a slight variation of this model (labeled B), whih an
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also be obtained from the lass of the models suggested in ref. [20℄ with a modiation to
suppress non-diagonal anomalous dimensions.
The superpotential whih desribes the two models takes the form [3, 4℄
W =
3∑
i=1
[
1
2
gui 10i10iHi + g
d
i 10i5iH i ]
+ gu23 102103H4 + g
d
23 10253H4 + g
d
32 10352H4
+
4∑
a=1
gfa Ha 24Ha +
gλ
3
(24)3 , (5)
where Ha and Ha (a = 1, . . . , 4) stand for the Higgs quintets and anti-quintets.
The non-degenerate and isolated solutions to γ
(1)
i = 0 for the models {A , B} are:
(gu1 )
2 = {
8
5
,
8
5
}g2 , (gd1)
2 = {
6
5
,
6
5
}g2 ,
(gu2 )
2 = (gu3 )
2 = {
8
5
,
4
5
}g2 , (6)
(gd2)
2 = (gd3)
2 = {
6
5
,
3
5
}g2 ,
(gu23)
2 = {0,
4
5
}g2 , (gd23)
2 = (gd32)
2 = {0,
3
5
}g2 ,
(gλ)2 =
15
7
g2 , (gf2 )
2 = (gf3 )
2 = {0,
1
2
}g2 ,
(gf1 )
2 = 0 , (gf4 )
2 = {1, 0}g2 .
Aording to the theorem of ref. [5℄ these models are nite to all orders. After the redution
of ouplings the symmetry of W is enhaned [3, 4℄.
The main dierene of the models A and B is that two pairs of Higgs quintets and
anti-quintets ouple to the 24 for B so that it is not neessary to mix them with H4 and
H4 in order to ahieve the triplet-doublet splitting after the symmetry breaking of SU(5).
In the dimensionful setor, the sum rule gives us the following boundary onditions at
the GUT sale [4℄:
m2Hu + 2m
2
10
= m2Hd +m
2
5
+m2
10
=M2 for A ; (7)
m2Hu + 2m
2
10
= M2 , m2Hd − 2m
2
10
= −
M2
3
,
m2
5
+ 3m2
10
=
4M2
3
for B, (8)
where we use as free parameters m
5
≡ m
53
and m10 ≡ m103 for the model A, and m10 ≡
m103 for B, in addition to M .
3 PREDICTIONS OF LOW ENERGY PARAMETERS
Sine the gauge symmetry is spontaneously broken belowMGUT, the niteness onditions do
not restrit the renormalization properties at low energies, and all it remains are boundary
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onditions on the gauge and Yukawa ouplings (6), the h = −MC relation, and the soft
salar-mass sum rule (3) at MGUT, as applied in the two models. Thus we examine the
evolution of these parameters aording to their RGEs up to two-loops for dimensionless
parameters and at one-loop for dimensionful ones with the relevant boundary onditions.
Below MGUT their evolution is assumed to be governed by the MSSM. We further assume
a unique supersymmetry breaking sale Ms (whih we dene as the geometri mean of the
stop masses) and therefore below that sale the eetive theory is just the SM.
We now present the omparison of the preditions of the two models (FUTA, FUTB)
with the experimental data, starting with the heavy quark masses see ref. [25℄ for more
details. For the top quark pole mass we used the experimental value Mexptop = (170.9 ±
1.8) GeV [26℄. For the bottom quark mass we used the running mass evaluated at Mz
mbot(MZ) = 2.82 ± 0.07 [27℄ to avoid the unertainties from the running of MZ to the mb
pole mass, whih are not related to the preditions of the FUT models.
In g.1 we show the FUTA and FUTB preditions forMtop andmbot(MZ) as a funtion
of the unied gaugino mass M , for the two ases µ < 0 and µ > 0. In the value of the
bottom mass mbot, we have inluded the orretions oming from bottom squark-gluino
loops and top squark-hargino loops [28℄, known usually as the ∆b eets. The bounds on
the mbot(MZ) and theMtop mass learly single out FUTB with µ < 0, as the solution most
ompatible with this experimental onstraints. Although µ < 0 is already hallenged by
present data of the anomalous magneti moment of the muon aµ, a heavy SUSY spetrum
as the one we have here gives results for aµ very lose to the SM result, and thus annot be
exluded on this fat alone.
In addition the value of tanβ is found to be tanβ ∼ 54 and ∼ 48 for models A and B,
respetively. Thus the omparison of the model preditions with the experimental data is
survived only by FUTB with µ < 0.
We now analyze the impat of further low-energy observables on the model FUTB with
µ < 0. As additional onstraints we onsider the following observables: the rare b deays
BR(b → sγ) and BR(Bs → µ
+µ−), the lightest Higgs boson mass as well as a loose CDM
onstraint, assuming it onsists mainly of neutralinos. More details and a omplete set of
referenes an be found in ref. [25℄.
For the branhing ratio BR(b→ sγ), we take the present experimental value estimated
by the Heavy Flavour Averaging Group (HFAG) is [29℄
BR(b→ sγ) = (3.55± 0.24+0.09−0.10 ± 0.03)× 10
−4. (9)
For the branhing ratio BR(Bs → µ
+µ−), the SM predition is at the level of 10−9, while
the present experimental upper limit from the Tevatron is 5.8× 10−8 at the 95% C.L. [30℄,
providing the possibility for the MSSM to dominate the SM ontribution.
Conerning the lightest Higgs boson mass, Mh, the SM bound of 114.4 GeV [31℄ an be
used. For the predition we use the ode FeynHiggs [32℄.
The lightest supersymmetri partile (LSP) is an exellent andidate for old dark mat-
ter (CDM) [35℄, with a density that falls naturally within the range
0.094 < ΩCDMh
2 < 0.129 (10)
favoured by a joint analysis of WMAP and other astrophysial and osmologial data [36℄.
Assuming that the old dark matter is omposed predominantly of LSPs, the determination
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Figure 1: The bottom quark mass at the Z boson sale (upper) and top quark pole mass
(lower plot) are shown as funtion of M for both models.
of ΩCDMh
2
imposes very strong onstraints on the MSSM parameter spae, and we nd
that no FUT model points fulll the strit bound of 10. On the other hand, many model
parameters would yield a very large value of ΩCDM. It should be kept in mind that somewhat
larger values might be allowed due to possible unertainties in the determination of the
SUSY spetrum (as they might arise at large tanβ, see below). Therefore, in order to get
an impression of the possible impat of the CDM abundane on the ollider phenomenology
in our model, we will analyze the ase that the LSP does ontribute to the CDM density,
and apply a more loose bound of
ΩCDMh
2 < 0.3 . (11)
Notie that lower values than the ones permitted by (10) are naturally allowed if another
partile than the lightest neutralino onstitutes CDM. For our evaluation we have used the
ode MiroMegas [37℄.
The predition for Mh of FUTB with µ < 0 is shown in Fig. 2. The onstraints from
the two B physis observables are taken into aount. In addition the CDM onstraint
(evaluated with Miromegas [37℄) is fullled for the darker (red) points in the plot, see
ref. [25℄ for details. The lightest Higgs mass ranges in
Mh ∼ 121− 126 GeV, (12)
where the unertainty omes from variations of the soft salar masses, and from nite
(i.e. not logarithmially divergent) orretions in hanging renormalization sheme. To this
value one has to add ±3 GeV oming from unkonwn higher order orretions [33℄. We have
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Figure 2: The lightest Higgs mass, Mh, as funtion ofM for the model FUTB with µ < 0,
see text.
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Figure 3: The lightest Higgs mass, Mh, plotted against M and the LSP, whih an be the
neutralino χ0 (red rosses) or the stau τ˜ (blue squares), for the model FUTB with µ < 0,
see text.
also inluded a small variation, due to threshold orretions at the GUT sale, of up to 5%
of the FUT boundary onditions. Thus, taking into aount the B physis onstraints (and
possibly the CDM onstraints) results naturally in a light Higgs boson that fullls the LEP
bounds [31℄.
In Fig. 3 we present the Higgs mass for FUTB for the ase when the LSP is the
neutralino χ0 (red rosses) and when it is the stau τ˜ (blue squares), for the range of values
of the gaugino mass M where the loose CDM onstraint is fullled (left part of Fig. 2).
From Fig. 3 it is lear that the predition for the Higgs mass lies in the same range for
both ases. Notie that in ase the LSP is the s-tau it an deay by introduing bilinear
R-parity violating terms, whih respet the niteness onditions. R-parity violation would
have a small impat on the ollider phenomenology presented here, but would remove the
CDM bound (10) ompletely and the LSP would not be the CDM andidate.
In the same way the whole SUSY partile spetrum an be derived. The resulting SUSY
masses for FUTB with µ < 0 are rather large. The lightest SUSY partile starts around
500 GeV, with the rest of the spetrum being very heavy. The observation of SUSY partiles
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at the LHC or the ILC will only be possible in very favorable parts of the parameter spae.
For most parameter ombinations only a SM-like light Higgs boson in the range of eq. (12)
an be observed.
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